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adding covariates to our models; logit, Poisson, negative binomial; quantities of interest

lecture 04



Paper and Workshop



review
an example exam question



<latexit sha1_base64="s6CeNCyboptGn4LN+tfi+6Pffks="></latexit>

Show that the scalar representation

µi = β0 + β1xi1 + · · ·+ βkxik

is equivalent to the matrix representation µi = Xiβ.

Further, show that stacking the µ1, µ2, ..., µN into a col-
umn vector µ is equivalent to µ = Xβ.

<latexit sha1_base64="sFmmNn5PstDOsNmk798Qdha2vvc="></latexit>

Define maximum likelihood estimate, (observed) Fisher in-
formation, invariance property, and delta method. Explain
how we use each and how they all fit together into a work-
flow.



Suppose I have the data set  above loaded into R. What formula do I 
need to replicate Clark and Golder’s model specification below?



a Bernoulli model 
with covariates



<latexit sha1_base64="9r50W64LDDT/g1yBxWYHNcHTj8g="></latexit>

yi ∼ Bernoulli(π)
But what if we want  to depend  
on some explanatory variables?

π



We want something like:
<latexit sha1_base64="Zhw9VOIx6PezBITh4yGzm/npM4g="></latexit>

πi = β0 + β1xi1 + · · ·+ βkxik

If we did this, how would it work?



Linear Probability Model



easy to estimate  
 

easy to interpret 

(X⊤X)−1X⊤y

∂πi

∂xj
= βj

Don’t sleep on these!



But there are 
disadvantages.





problem 1:  
probabilities are not bounded 

between 0 and 1.

Note: Let’s not overstate how problematic this problem is.



<latexit sha1_base64="exn6McKseVWlOB16jyUsx+vn1nU="></latexit>

If yi is binary, then Var(yi) = Pr(yi)[1−Pr(yi)], which, for
the LPM, equals Xiβ(1−Xiβ).

problem 2:  
non-constant variance

Note: Again, let’s not overstate how problematic this problem is.



<latexit sha1_base64="4nVbt/CuEemjnuRxxtgM2J52GaM="></latexit>

If yi is binary, then the residual can take on only
two values: −Pr(yi) or 1− Pr(yi).

problem 3:  
non-normal errors

Note: Again, let’s not overstate how problematic this problem is.



problem 4:  
(non)compression

IMO, this is the most important problem.

You expect smaller effects as the probability of 
an event approaches zero or one.





How can we include covariates, but 
keep the  between zero and one?π



<latexit sha1_base64="QjgNQK/7AcqC2lOGwcRi1icVFJA="> ynUSkjVQlk2kQo6jntp1CuKNoYP0jSLLJ91Svy5FzPvtHMwRFzzlPCWBZqfVZmbhZZzMwNy2VybYGVsh6ZEDy6YAGrXSmfbVmo3iVAm3+GbDZ6YIXToTiW4tmX9Zl43OnHW22Nz91lndeTR4dWSAPyEPyiESkT3bIO7JLDggnP8gv8nuOtF60kpZonU6gV+bOY+6TqdMyfwD06JFd</latexit>

logit−1(x) =
ex

1 + ex
=

1

1 + e−x
This is the CDF of the logistic 

distribution, which is plogis() in R.



<latexit sha1_base64="hB6aydC43D5pzykX4+rd68P2/4I="></latexit>

yi ∼ Bernoulli(πi),

where πi = logit−1(Xiβ)



# data  
devtools::install_github("jrnold/ZeligData") 
turnout <- ZeligData::turnout



# formula 
f <- vote ~ age + educate + income + race 

# make X and y 
mf <- model.frame(f, data = turnout) 
X <- model.matrix(f, data = mf) 
y <- model.response(mf)



# log-likelihood function 
logit_ll <- function(beta, y, X) { 
  linpred <- X%*%beta  # perhaps denoted eta 
  p <- plogis(linpred) # pi is special in R, so I use p 
  ll <- sum(dbinom(y, size = 1, prob = p, log = TRUE)) 
  return(ll) 
}



# use optim 
par_start <- rep(0, ncol(X)) 
opt <- optim(par_start,  
             fn = logit_ll,  
             y = y,  
             X = X, # 👈 covariates! 🎉 
             method = "BFGS", 
             hessian = TRUE, 
             control = list(fnscale = -1))



# function to fit model 
est_logit <- function(f, data) { 
   
  # make X and y 
  mf <- model.frame(f, data = data) 
  X <- model.matrix(f, data = mf) 
  y <- model.response(mf) 
   
# create starting values 
  par_start <- rep(0, ncol(X)) 
   
  # run optim() 
  est <- optim(par_start,  
               fn = logit_ll,  
               y = y, 
               X = X, 
               hessian = TRUE, 
               control = list(fnscale = -1), 
               method = "BFGS")  
   
  # check convergence; print warning if not 
  if (est$convergence != 0) print("Model did not converge!") 
   
  # create list of objects to return 
  res <- list(beta_hat = est$par, 
              var_hat = solve(-est$hessian)) 
   
  # return the list 
  return(res) 
}



# fit model 
fit <- est_logit(f, data = turnout) 
print(fit, digits = 2)



alternatively
# data 
devtools::install_github("jrnold/ZeligData")
turnout <- ZeligData::turnout
 
# formula
f <- vote ~ age + educate + income + race

# fit model
fit <- glm(f, data = turnout, family = binomial)

# coefficient estimates
coef(fit)

### (Intercept)         age     educate      income   racewhite 
### -3.03426101  0.02835433  0.17563360  0.17711176  0.25079764 

# variance estimates
vcov(fit)
 
###              (Intercept)           age       educate        income     racewhite
### (Intercept)  0.1062494162 -8.242756e-04 -5.146302e-03 -4.236393e-04 -1.015639e-02
### age         -0.0008242756  1.197588e-05  2.907509e-05  7.289931e-06 -5.494225e-05
### educate     -0.0051463023  2.907509e-05  4.134177e-04 -1.583055e-04 -3.219270e-04
### income      -0.0004236393  7.289931e-06 -1.583055e-04  7.375674e-04 -4.896729e-04
### racewhite   -0.0101563932 -5.494225e-05 -3.219270e-04 -4.896729e-04  2.145222e-02



HUGE
difference



Model: πi = logit−1(−4 + x1 + x2)



<latexit sha1_base64="iUIUUcie2coMhWVGUmH7IcTTkqE="></latexit>

Recall that πi = logit−1(Xiβ). To keep this derivative simple, we denote ηi = Xiβ and break it into
three parts: (i) find ∂πi

∂ηi
, (ii) find ∂ηi

∂xi1
, and (iii) use the chain rule ∂πi

∂xi1
=

∂πi

∂ηi
· ∂ηi
∂xi1

.

Step 1: ∂πi

∂ηi

πi =
eηi

1 + eηi
definition of inverse logit

∂πi

∂ηi
=

(1 + eηi) eηi − eηi eηi

(1 + eηi)2
quotient rule

=
eηi

1 + eηi

(
1− eηi

1 + eηi

)
factor out eηi

1+eηi

= πi (1− πi) substitute πi =
eηi

1+eηi

Step 2: ∂ηi
∂xi1

∂ηi
∂xi1

= β1 since ηi =
∑

j

xijβj

Step 3: Chain rule

∂πi

∂xi1
=

∂πi

∂ηi
· ∂ηi
∂xi1

= πi(1− πi)β1

=
[
logit−1(Xiβ)

]
·
[
1− logit−1(Xiβ)

]
· β1

The marginal effect of xi1 on the probability of an event is not constant. It depends on the value
of xi1 and all the other x’s.

(usual linear regression derivative)

(putting the two above together)



The marginal effect of  a variable on the probability of 
an event is not constant. It depends on the value of 

that variable and the values of all the other variables.

like a polynomial  
in linear regression

like an interaction  
in linear regression





quantities of interest









We can be very creative with 
quantities of interest.

Any  works!τ(θ)

But we usually want the  
expected value and first difference.



E(y ∣ Xc) = π = logit−1(Xcβ)



# create chosen values for X 
# note 1: naming columns helps a bit later 
# note 2: can also do with f, model.matrix(..., newdata = ...) 
X_c <- cbind( 
  "constant" = 1, # intercept 
  "age"      = median(turnout$age),  
  "educate"  = median(turnout$educate), 
  "income"   = median(turnout$income), 
  "white"    = 1 # white indicators = 1  
)

Warning: The way I’m doing this, 
R isn’t helping use make sure 
these match up. See note 2.



# function to compute qi 
ev_fn <- function(beta, X) { 
  plogis(X%*%beta) 
} 

# invariance property 
ev_hat <- ev_fn(fit$beta_hat, X_c)



# delta method 
library(numDeriv)  # for grad() 
grad <- grad( 
  func = ev_fn,     # what function are we taking the derivative of? 
  x = fit$beta_hat, # what variable(s) are we taking the derivative w.r.t.? 
  X = X_c)          # what other values are needed? 
se_ev_hat <- sqrt(grad %*% fit$var_hat %*% grad)



# ---- compute the ev given X_c (w/ range of values) ---- 

# create chosen values for X 
X_c <- cbind( 
  "constant" = 1, # intercept 
  "age"      = min(turnout$age):max(turnout$age),    
  "educate"  = median(turnout$educate), 
  "income"   = median(turnout$income), 
  "white"    = 1 # white indicators = 1  
) 

# containers for estimated quantities of interest and ses 
ev_hat <- numeric(nrow(X_c)) 
se_ev_hat <- numeric(nrow(X_c)) 

# loop over each row of X_c and compute qi and se 
for (i in 1:nrow(X_c)) {   # for the ith row of X... 
  # invariance property 
  ev_hat[i] <- ev_fn(fit$beta_hat, X_c[i, ]) 
  # delta method 
  grad <- grad( 
    func = ev_fn,  
    x = fit$beta_hat,  
    X = X_c[i, ])  
  se_ev_hat[i] <- sqrt(grad %*% fit$var_hat %*% grad) 
}



# put X_c, qi estimates, and se estimates in data frame 
qi <- cbind(X_c, ev_hat, se_ev_hat) |> 
  data.frame() |> 
  glimpse()



# plot 
ggplot(qi, aes(x = age, y = ev_hat,  
               ymin = ev_hat - 1.64*se_ev_hat,  
               ymax = ev_hat + 1.64*se_ev_hat)) +  
  geom_ribbon() +  
  geom_line()

Compare to this one from before.



E(y ∣ Xlo) − E(y ∣ Xlo)



# ---- compute first difference ---- 

# make X_lo 
X_lo <- cbind( 
  "constant" = 1, # intercept 
  "age"      = quantile(turnout$age, probs = 0.25), # 31 years old; 25th percentile 
  "educate"  = median(turnout$educate), 
  "income"   = median(turnout$income), 
  "white"    = 1 # white indicators = 1  
) 

# make X_hi by modifying the relevant value of X_lo 
X_hi <- X_lo 
X_hi[, "age"] <- quantile(turnout$age, probs = 0.75) # 59 years old; 75th percentile 

# function to compute first difference 
fd_fn <- function(beta, hi, lo) { 
  plogis(hi%*%beta) - plogis(lo%*%beta) 
} 

# invariance property 
fd_hat <- fd_fn(fit$beta_hat, X_hi, X_lo) 

# delta method 
grad <- grad( 
  func = fd_fn,  
  x = fit$beta_hat,  
  hi = X_hi, 
  lo = X_lo)   
se_fd_hat <- sqrt(grad %*% fit$var_hat %*% grad) 

# estimated fd 
fd_hat 

# estimated se 
se_fd_hat 

# 90% ci 
fd_hat - 1.64*se_fd_hat  # lower 
fd_hat + 1.64*se_fd_hat  # upper



Your Turn!
https://gist.github.com/carlislerainey/

7798659a9d5d8decb87352068a2d1655 

https://gist.github.com/carlislerainey/7798659a9d5d8decb87352068a2d1655
https://gist.github.com/carlislerainey/7798659a9d5d8decb87352068a2d1655


models, generally



1. Choose a distribution. 

2. Choose the parameters to model 
as functions of covariates and 
those to model as fixed.  

3. Choose an inverse link function. 

4. Fit the model.  

5. Compute QIs.



models for counts







Note: Santiago is “highly decentralized.” 





<latexit sha1_base64="aCYVm058+pknZGxeO2Nr3r0dpJI="></latexit>

Element Details
Outcome Count (non-negative integers).
Model yi ∼ Poisson(λi), with λi = exp(Xiβ). Note: Var(yi) = λi.
Expected value λ̂ = exp(Xcβ̂).
First difference ∆̂ = λ̂hi − λ̂lo = exp(Xhiβ̂)− exp(Xloβ̂).
Function glm() with family = poisson for fitting models; dpois() for

probabilities.
Parameterization
notes

None.

Alternatives Negative binomial regression (relaxes variance = mean), zero-
inflated variants.

Poisson Regression



How would our logit code change?

https://www.diffchecker.com/u0EHewB1/ 

https://www.diffchecker.com/u0EHewB1/


<latexit sha1_base64="9BGb+leYde0DHd+iGAJ7g76xLFQ="></latexit>

Element Details
Outcome Count (non-negative integers).
Model yi ∼ NegBin(µi, θ), with µi = exp(Xiβ). Note: Var(yi) =

µi + µ2
i /θ.

Expected value µ̂ = exp(Xcβ̂).
First difference ∆̂ = µ̂hi − µ̂lo = exp(Xhiβ̂)− exp(Xloβ̂).
Function MASS::glm.nb() for fitting models; dnbinom() for densities.
Parameterization
notes

Uses the mean–dispersion form where regression is parameter-
ized by the mean µi with a exp inverse link. The dispersion pa-
rameter θ (size in R) controls overdispersion, where Var(yi) =
µi + µ2

i /θ. In dnbinom() you can use either (size, prob) or
(size, µ); glm.nb() uses (µi, θ).

Alternatives Poisson regression (variance equals mean), zero-inflated vari-
ants.

Negative Binomial Regression



How would our Poisson code change?

https://www.diffchecker.com/67AIcHV3/

https://www.diffchecker.com/67AIcHV3/


The last three weeks (ML, SE, and X) outline a coherent 
and complete toolkit for statistical modeling. What are 

the major ideas and how do they fit together?

exit  
ticket


