Fisher Information and Delta Method for the
Toothpaste Cap Problem

Setup

For the toothpaste cap problem, we have

{(m) =log L(m) = klogm+ (N — k) log(1 — )

and
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To estimate the variance, we need

@(7’%) ~ [jobs(ﬁ-ﬂil = [_ dm2



Finding SAE(fr)

Finding derivatives of /¢

The first derivative is % = % — Jf;’:
The second derivative is % =—k (11\1 ;’;2 (see below).
1 Some tedious algebra
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= i(77_1) — (N —k) i((1 — ) rewrite as powers
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Simplifying —¢”(7)

Evaluate the negative second derivative at m = 7.
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dr?| T R®(1-7)
Thus,
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Var(m) ~ [—Wﬂﬁ] = [77(1—77)] - N
and

1 Some tedious algebra

Use the following identities:

o k= N7. — Multiply both sides of 7 = k/N by N.
=N1—-7). > N—k=N-—-(N-kE/N)=N—-Nrn=N(1—n7).
+ % = @22 — Common, useful identity.
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Delta Method

We often report odds

T — . T
7'(77)—17#, odds—T(w)—liﬁ.
Finding the derivative of 7(7)
For the delta method, we need the derivative of 7.
1
M) —
(7)) = =2
1 Some tedious algebra
T
T(m) = T~
1-(1—m)—7- (1
(7)) = ( (17T>_ 7r)7; (=1) quotient rule
l—7m+4+7 1

= . combine terms




Plugging into the delta method equation

Recall that Var(7(6)) ~ (T’(é))2@(§)

Applying this, we obtain

~

Var(odds) ~ ———

Taking the square root,

N1—#)

SHOddS) =14/ ﬁ .

1 Some tedious algebra

Var(odds) ~ (T/(ﬁ)>2\7a\r(7?)

delta method

2 . - - -
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= 1—7)1 . i N ) square the derivative
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